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We consider tlie beliaviour of bipartite and tripartite non-locality between fermionic entangled 
states shared by observers, one of whom uniformly accelerates. We find that while fermionic entan- 
glement persists for arbitrarily large acceleration, the Bell/CHSH inequalities cannot be violated 
for sufficiently large but finite acceleration. However the Svetlichny inequality, which is a measure 
of genuine tripartite non-locality, can be violated for any finite value of the acceleration. 
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The relationship between entanglement and non- 
locality is at the root of the foundations of quantum me- 
chanics. Bell-type inequalities [Ij, such as the Clauser- 
Horner-Shimony-Holt (CHSH) inequality [2], place an 
upper bound on the correlations compatible with classical 
local realistic (or hidden variable) theories. All pure en- 
tangled states of two qubits violate the CHSH inequality, 
with the amount of violation increasing with the degree of 
bipartite entanglement [3^ . For pure tripartite-entangled 
states the Svetlichny inequality @] functions in a similar 
way - its violation is a sufficient condition for the con- 
firmation of genuine three-qubit nonlocal correlations. It 
has recently been shown that a class of generalized GHZ 
(GGHZ) states do not violate the Svetlichny inequality 
if their 3-tangle is less than 1/2, whereas another class 
of states known as maximal slice (MS) states violate the 
Svetlichny inequality with the amount of violation in- 
creasing with the degree of tripartite entanglement [S] . 

In this paper we investigate the behaviour of nonlocal 
correlations of bipartite and tripartite entangled states 
shared between observers in a situation where one ob- 
server moves with uniform acceleration. Previous work 
has shown that both bipartite [SI E] and tripartite |S1 [5] 
entanglement are degraded as a function of increasing ac- 
celeration of a given detector. For fermionic states this 
degradation persists to a finite value [3 [H] in the large 
acceleration limit in both cases. We find that whereas 
bipartite nonlocal correlations vanish for finite values of 
the acceleration, tripartite nonlocal correlations persist 
for any finite acceleration for both GGHZ and MS three- 
qubit states provided the respective control parameters 
are appropriately chosen, vanishing only in the infinite 
acceleration limit. This demonstrates that tripartite en- 
tanglement and its associated nonlocal correlations are 
more robust to relativistic effects. 

We consider a fiat spacetime in which there is a uni- 
formly accelerating observer, Rob. The two other ob- 
servers, Alice and Charlie, remain inertial. Each ob- 
serves the same state of a fermionic field (described by 
a Grassmann scalar, the simplest case preserving the es- 
sential Dirac characteristics [in])- However while both 
Charlie and Alice use a basis of Minkowski modes (plane 
waves in the massless case) for the description of their 
respective parts of the field state, Rob uses the so-called 
Rindler modes [TP . Uniformly accelerated detectors cou- 



ple to these modes. The change of basis between Rindler 
and Minkowski modes (given by the so-called Bogoliubov 
coefficients [TTJ [T^]) mixes Minkowski creation and an- 
nihilation operators. Consequently the Minkowski and 
Rindler vacua are not the same, giving rise to the well- 
known Unruh effect [13j . 

Rindler coordinates (77, ^, y, z) describe a family of ob- 
servers with uniform acceleration a and divide Minkowksi 
spacetime (with coordinates (t,x,y,z)) into 4 regions 
separated by a light cone centered on the origin and la- 
belled clockwise as regions F, I, P, and II; Rightward 
accelerating observers are located in region I (where 
t = ^sinh(a77/c) and x = ^cosh(ary/c)) and are causally 
disconnected from their analogous counterparts in region 
II. Monochromatic solutions of the field equation rele- 
vant to the accelerating detector in Rindler coordinates 
are called Rindler modes. The annihilation operator in 
region I for the Rindler mode of a given particle species 
of frequency uj, and spin-cr component is denoted Ci^^a-j, 
with its antiparticle counterpart denoted di^,a.i, and its 
creation operators obtained from the dagger of these. Re- 
gion II has corresponding pairs of annihilation/creation 
operators. From the accelerated observer's viewpoint the 
Hilbert space factorizes as "H/ ® Hji . Since Rob (by def- 
inition) is confined to region I, we must trace out the 
part of the state outside of this region (ie we trace over 
all states in region Hu), since he cannot observe it. Anal- 
ogous considerations apply to observers in region II, gen- 
erally referred to as anti-Rob [7]. 

An inertial observer would express Rob's vacuum mode 
|0)^, and first excitation of his vacuum mode \l)j^ as [7] 
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where \0)j and |l)j are respectively the Minkowski vac- 
uum and first excitation of the Minkowski vacuum in 
region I; \0)jj and |l)/7 are defined similarly over region 
II. For simplicity we consider all orthogonal modes as 
unexcited. The parameter r is 
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where ^ — '^ and a is Rob's acceleration, c is the speed 
of light and uj is the central frequency of the fermion 



wave packet. Note that r = corresponds to an inertial 
observer and r = 7r/4 corresponds to an observer in the 
infinite acceleration Uniit. 

It is possible to construct a different set of modes that 
have the property that they are linear combinations of 
purely positive-frequency Minkowski modes. Referred to 
as Unruh modes, they are given by |11) 
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The subscripts L and R denote left 



and right modes, and are related to each other by an 
exchange of regions I and II. In terms of creation and an- 
nihilation operators, this means that Q can be rewritten 
as a linear combination of only Minkowski creation op- 
erators, implying that the Minkowski and Unruh vacua 
are the same. 

Hence we can write the Minkowski vacuum |0)^j as 

|0)m = (8)<^ \^)u:,u where cl,^^j^ and cl,^j^ each annihi- 
late \0)^ jj for every a. We can therefore restrict our 
considerations to a particular frequency uj. An arbitrary 
Unruh excitation is 
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with I^Tflp + I^Lp = 1- We shaU set ql = 0, (the so- 
called single mode approximation [Hj), and henceforth 
drop the redundant subscripts w, U, and a. 
The well-known CHSH inequality [5] 

|C(a,b) + C7(a',b) + C(a,b')-C(a',b')|<2 (6) 

quantifies bipartite non-locality, where a and a' are a set 
of unit vectors belonging to one observer and b and b' 
are unit vectors belonging to another observer who are 
measuring the spin along these directions. The correla- 
tion functions C(a, b) are given by 
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where 5*1 and 5*2 are the spin operators acting on modes 
1 and 2 respectively. Let us consider the singlet state 



1 



|^) = -^(|10)-|01)) 



(8) 



invariant under the unitary operators which generate ro- 
tations of coordinate systems. This means that C(a, b) 
is a function of cos 6'a& := a • b only, and hence there is 
no loss of generality in assuming that a points along the 
z axis and that b lies in the x-z plane. Then equation 
Q becomes 

C(a,b) = {ip\ <Tiz<» {cr2z cos 9ab + <T2x sin Oab) IV-')- (9) 

An accelerating observer making measurements in a 
sufficiently small interval about 77 = will use the same 



vectors as in eq. (l7 ) , but would see qubit 2 described by 
equations ([T]) and (2]). Constructing the reduced density 
operator pA.i = tr//[|^/') {tp\] by tracing out region II we 
obtain from ^ 
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Let us now restrict our attention to the special case in 
which (i) the vectors a, a', b, b' are co-planar; (ii) a and 
b are parallel; and (iii) 9ab' = da'b = 7- Then the CHSH 
inequality will be satisfied provided 
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yielding a specific threshold acceleration at — ^j^ above 
which the CHSH inequality cannot be violated, despite 
the persistence of fermionic entanglement for a > at [7] . 
Turning next to tripartite nonlocality, we consider the 
generalized GHZ (GGHZ) state \ipg) and the maximal 
slice (MS) state \^ps) 
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where 9i and 63 are parameters controlling the entangle- 
ment of the state. The usual GHZ state is realized by set- 
ting 9i = 7r/4 in ([l2| or by setting 6*3 = tt/2 in ([13]). To 
avoid difficulties in distinguishing violations arising from 
2-body versus 3-body entanglement [51 [151 [S] 1 we shall 
consider the Svetlichny inequality, as its violation is a suf- 
ficient condition for the confirmation of genuine 3-qubit 
nonlocal correlations [HIS]. This inequality emerged from 
a consideration of a model of nonlocal- local-realism [4], 
where two of the qubits are nonlocally correlated but are 
locally correlated to the third, implying an entanglement 
between the three qubits that cannot be decomposed into 
a case of familiar two body entanglement. 

Suppose we have a system that can be partitioned into 
three subsystems, respectively detectable by Alice, Char- 
lie and Bob. Alice performs the measurements A ^ a.- ai 
or A' = a' ■ a I on system 1, Charlie performs C = c • (72 or 
C — t' ■ (72 on system 2 and Bob performs measurements 
_B = b • f73 or B' = b' • (73 on system 3, where CTj are pro- 
jection operators that can be expressed in terms of the 
Pauli operators and a, a', b, b', c, c' are unit vectors cor- 
responding to the direction of measurement. For a theory 
consistent with Svetlichny's nonlocal-local-realism 

S{^):=msm<A, (14) 

where S is the Svetlichny operator defined as 

S^A{CK + C'K')+A{CK-C'K'). (15) 

where K = B + B' and K' ^ B - B' . 

To maximize the expectation value of S for 
the the GGHZ and MS states [5], we set a = 



(sin6'aCOS0a,sin6'Qsin(/)a,cos0a) and similarly for a', b, 
h' , c and c' .Defining unit vectors d and d' such that 
c + c' = 2d cos and c — c' = 2d sin 6*, with D = d ■ a2 



and D' = d' ■ (72, the expectation value of (151 is 
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using the identity xcos^ + ysinO < (x"^ + y^)^/^. 



Replacing Bob by the uniformly accelerating Rob, who 
observes qubit 3 in a sufficiently small interval about rj = 
0, we construct the density operator, p = 1-0) (■(/'|, from 
^ and ([2| and use this to evaluate (16), yielding 
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for the GGHZ state (12). 



Maximizing with respect to 9a and 9a' and noting that 



the maxima of cos^ 9d + cos^ 9d' and sin^ 
respectively 1 and 2 yields 



sm Ud' are 
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where 



C3 = (2cos^6'iCOsV-l)^ C4 = sin^ 201 cos^ r (19) 

As r ^- Rob, the accelerated observer, becomes the in- 
ertial observer Bob and eq. ( jlS] ) agrees with the results 
of [5j . We plot in figure IT] the value of S when the in- 
equality in ( 18 ) is saturated as a function of the control 
parameter 9i and Rob's acceleration r. A straightfor- 
ward (but lengthy) calculation of the 7r-tangle (a mea- 
sure of tripartite entanglement for mixed states |9l [17]) 
indicates that 9i monotonically increases as a function of 
the TT-tangle. Hence we find for all finite values of the ac- 
celeration parameter that nonlocality increases as a func- 
tion of increasing entanglement for the GGHZ state be- 
yond a certain threshold value of the 7r-tangle. Note that 
more entanglement is required to violate the Svetlichny 
inequality as a increases; it is not possible to violate the 
inequality in the infinite acceleration limit. 

For the MS state its reduced symmetry between only 
qubits 1 and 2 implies that there are two cases to consider 
for one accelerating observer: (i) when Rob is measuring 
either qubit 1 or 2 and (ii) when Rob is measuring qubit 
3. 

For case (i) we construct the density operator by sub- 
stituting equations (IT]) an d ^ into the second qubit of 
the MS state in equation (13). Tracing out region II to 




FIG. 1: The maximal value of the left hand side of the 
Svetlichny inequahty plotted against Rob's acceleration r and 
the control parameter 6\ for the GGHZ state. As 6\ increases 
so does the vr-tangle of the state. 



uate eq. \lm gives 



S^il^s) < 4cosr{cos2 6'3 + 2sin2 6'3} 
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obtain the density operator pAic and using this to eval- 



where S{ips) has a maximum at 4>d—4'd' = ^d = ^d' = 7''/2 
[S]. The maximal value of S{ips) from eq. (20) is plotted 
in figure [2J A calculation indicates that 63 monotoni- 
cally increases as a function of the associated 7r-tangle. 
In this case we see that for any finite value of the ac- 
celeration there exists a value of the 7r-tangle (or 6*3) for 
which the maximal value of S{'ips) is larger than 4 and 
the Svetlichny inequality is violated. 




FIG. 2: The maximal value of S{^m) plotted as a function of 
the control parameter 63 and Rob's acceleration r, with Rob 
measuring qubit 2. 



For case (ii) the analogous result is 

Sii^s) <4{cos2 6l3COs2 2r + 2sin2 6'3Cos^r}^^^ (21) 

and it is straightforward to show that the maximal value 
of S{ips) is also larger than 4 for all finite values of r 
provided ^3 is appropriately chosen. 

For increasing uniform acceleration, violation of both 
the bipartite Bell-CHSH and tripartite Svetlichny in- 
equalities becomes increasingly difficult, despite the sur- 
vival of fermionic entanglement in the large a limit. For 
a > at all bipartite nonlocality vanishes, whereas tripar- 
tite nonlocality persists for all finite values of a. This 
suggests a fundamental difference between tripartite and 
bipartite entanglement in relativistic settings. 
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Note added As this work was being completed refer- 
ence [18' appeared, in which similar results were obtained 
for the Bell/CHSH inequalities. 
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